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23 sets of space groups remain indistinguishable by the convergent-beam

electron diffraction (CBED) method. Recently, Tsuda, Saitoh, Terauchi, Tanaka

& Goodman [Acta Cryst. (2000), A56, 359±369] demonstrated that the coherent

CBED method can distinguish two space-group pairs (I23, I213) and (I222,

I212121) by observing the relative arrangements of 2-fold-rotation and 21-screw

axes. The other ten space-group sets, which are composed of principal rotation

and screw axes and other 2-fold-rotation axes such as P321 and P3121 (P3221),

are shown to be distinguishable using the coherent CBED method.

1. Introduction

Convergent-beam electron diffraction (CBED) is known as a

very effective method for the determination of crystal point

and space groups. Because of the strong dynamical effect of

electron diffraction, it can easily ®nd the non-centrosymmetric

nature of crystals. As a result, it allows us to identify all the

point groups (Goodman, 1975; Tinnappel, 1975; Buxton et al.,

1976; Tanaka et al., 1983; Tanaka, 1989). Furthermore, CBED

can distinguish between a 2-fold-rotation axis and a 21-screw

axis, and between a mirror plane and a glide plane by

observing dynamical extinction or Gjùnnes±Moodie (G±M)

lines (Gjùnnes & Moodie, 1965; Tanaka et al., 1983; Tanaka &

Terauchi, 1985; Tanaka et al., 1988; Tanaka, 1989). Thus, all the

space groups except those listed in Table 1 can uniquely be

identi®ed (Tanaka et al., 1988; Tanaka, 1989).

The space-group sets in Table 1 cannot be distinguished for

the following ®ve reasons. (i) 31 (32), 42 and 62 (64) screw axes

cannot be distinguished from their corresponding non-screw

axes because the screw axes do not form G±M lines. Thus, the

space-group sets Nos. 1±5, 8, 10±13 and 18 in Table 1 cannot be

distinguished. (ii) A 63-screw axis cannot be distinguished

from a 61 (65)-screw axis because the three screw axes show

G±M lines in the same manner. Thus, the space-group sets

Nos. 6 and 7 cannot be distinguished. (iii) Enantiomorphic

space-group pairs cannot be distinguished because they show

the same CBED symmetry. Thus, the space-group pairs indi-

cated by the parentheses in Table 1 (Nos. 1±7, 9, 19, 22 and 23)

cannot be distinguished. (iv) The space-group pairs of Nos. 16

and 17 show the same CBED symmetries because they have

exactly the same symmetry elements in each pair despite the

different space-group symbols. (v) The space-group pairs of

Nos. 14, 15, 20 and 21 cannot be distinguished because

re¯ections that should show G±M lines due to a 41-screw axis

are forbidden by the extinction rule of the lattice types I and F.

A practical method, however, has been used to distinguish

between the rotation and screw axes, which observes intensity

change of the re¯ections in question on tilting the specimen so

that Umweganregung paths to the re¯ections disappear. This

test allows us to distinguish a 3-fold-rotation axis from a 31

(32)-screw axis (Nos. 1±3), a 4-fold-rotation axis from 41 (43)-

and 42-screw axes (Nos. 8, 10±15, 18, 20, 21) and 6-fold-rota-

tion axis from 61 (63, 65)- and 62 (64)-screw axes (Nos. 4±7).

The enantiomorphic space-group pairs in parentheses in Table

1, however, cannot be distinguished by this method. Identi®-

cations of the handedness of the enantiomorphic space groups

were reported for quartz by Goodman & Secomb (1977) and

Goodman & Johnson (1977), and for MnSi by Tanaka et al.

(1985). Those studies were carried out by comparing the

experimental intensities with the simulated ones. No qualita-

tive method to distinguish handedness has been developed up

to now.

Coherent CBED was ®rst reported by Dowell & Goodman

(1973), followed by Cowley (1979), Vine et al. (1992),

McCallum & Rodenburg (1993), Terauchi et al. (1994), Tanaka

et al. (1994), Tsuda et al. (1994), Steeds et al. (1995) and Tsuda

& Tanaka (1996). A highly coherent electron beam, whose size

at a focused position is smaller than a lattice spacing, illumi-

nates a specimen with a convergence angle to overlap neigh-

bouring re¯ection discs and then produces interference fringes

at the overlapping regions when the beam is focused below or
² Present address: Technische UniversitaÈ t Darmstadt, Fachbereich Material-
wissenschaft, Petersenstrasse 23, D-64287 Darmstadt, Germany.
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above the specimen. The positions of fringes provide phase

information for crystal structure factors. Local site symmetry

can be obtained from the relative positions of the interference

fringe sets (Spence, 1978; Cowley, 1979; Ou & Cowley, 1988;

Zuo & Spence, 1993).

Recently, Tsuda et al. (2000) discovered that the two special

space-group pairs of (I23, I213) and (I222, I212121) in the

indistinguishable sets can be distinguished using the coherent

CBED method by observing the difference of local site

symmetries. They utilized the fact that the two space-group

pairs are different with respect to the arrangements of 2-fold-

rotation axes and 21-screw axes in the [111] projection. That is,

I23 and I222 have positions at which three 2-fold-rotation axes

and three 21-screw axes intersect, but I213 and I212121 do not.

Tsuda et al. demonstrated using computer simulations that

coherent [111] CBED patterns of I23 and I222 are different

from those of I213 and I212121, respectively. They provided a

method, for the ®rst time, to distinguish the space-group pairs

without any knowledge of the structural details.

In the case of the above sets, the principal 2-fold rotation

and 21-screw axes are intersected perpendicularly by other

2-fold rotation axes and 21-screw axes (hereafter referred to as

2 axes and 21 axes). Tsuda et al.'s analysis has the potential to

be extensively applied to the distinction of space groups that

have principal 3-, 4- and 6-fold rotation and screw axes

accompanied by perpendicular 2-fold rotation axes such as

P321 and P3121 (P3221), or to the ten space-group sets of Nos.

2, 3, 5, 7, 12, 13, 15, 18, 20, 21 in Table 1. In the present paper,

we clarify theoretically that the ten space-group sets can be

distinguished by the coherent CBED method.

2. Identification of the intersecting positions of 2-fold-
rotation axes by coherent CBED

Fig. 1(a) shows a schematic diagram of the coherent CBED

method. A convergence angle of the incident beam is set to

overlap the neighbouring re¯ection discs. Two plane waves

with wave vectors of k1 and k2 = k1 ÿ g form interference

fringes at p in the overlapping region. If the focused point of

the incident beam is on the specimen, each overlapping region

of the CBED discs shows a uniform intensity. If the beam is

defocused from the specimen, interference fringes appear in

the overlapping regions. Formation of the interference fringes

was explained in detail by Cowley (1979), Vine et al. (1992)

and Terauchi et al. (1994). The entire fringe set displaces with a

shift of the probe position. The relative position of the fringes

is determined by the probe position and the phase difference

between the crystal structure factors of the re¯ections. The

former effect is described by a phase factor of exp�2�ig ��r�,
where g and �r respectively indicate a re¯ection vector and a

vector pointing to the probe position from the origin of a unit

cell.

For the present study, we consider the interference fringes

between the transmitted wave (000) and its two neighbouring

re¯ected waves (�g), whose diffraction vectors are perpen-

dicular to the direction of the 2 axis (Fig. 1a). It is noted that

the 2 axes are not necessarily perpendicular to the incident-

beam direction (Tsuda et al., 2000). When the probe is located

on the 2 axis, the phase of the crystal structure factors and that

for the probe position are the same for the two re¯ections. As

a result, the two interference-fringe sets appearing in the two

overlapping regions show mirror symmetry m with respect to

the transmitted beam as shown in Fig. 1(b). If the probe is not

on the axis, the fringe sets do not show mirror symmetry as

shown in Fig. 1(c). Thus, we can identify the position of the

2 axis from the coherent CBED pattern. The positions of the

2 axes in the other orientations are examined using the

re¯ection pairs whose diffraction vectors are perpendicular to

the 2 axes. If the probe is put on an intersection point of two

2 axes, the coherent CBED pattern shows two sets of mirror

symmetry. Similarly, the coherent CBED pattern shows three

sets of mirror symmetry at an intersection point of three 2 axes.

Therefore, the intersection points of the 2 axes can be revealed

by observing the interference fringes in the coherent CBED

patterns. It is noted that two fringe sets in a re¯ection pair are

shifted in the same manner by a shift of the probe position.

Figure 1
(a) Schematic drawing of the coherent CBED method for the present
study. Re¯ection pairs �g, whose diffraction vectors are perpendicular to
the direction of the 2-fold-rotation (21-screw) axis are used. Interference
fringes are formed in the overlapping regions of adjacent re¯ection discs.
Mirror symmetry is seen (b) when the probe is located on a 2-fold-
rotation (21-screw) axis, but is not seen (c) when the probe is not on the
2-fold-rotation (21-screw) axis.

Table 1
Space groups indistinguishable by dynamical extinction lines.

1. P3, (P31, P32) 2. P312, (P3112, P3212) 3. P321, (P3121, P3221)
4. P6, (P62, P64) 5. P622, (P6222, P6422) 6. P63, (P61, P65)
7. P6322, (P6122, P6522) 8. P4, P42 9. (P41, P43)
10. P4/m, P42/m 11. P4/n, P42/n 12. P422, P4222
13. P4212, P42212 14. I4, I41 15. I422, I4122
16. I23, I213 17. I222, I212121 18. P432, P4232
19. (P4132, P4332) 20. I432, I4132 21. F432, F4132
22. (P4122, P4322) 23. (P41212, P43212)



3. Distinction of space groups

3.1. Space groups P321 and P3121 (P3221) [P312 and P3112
(P3212)]

Distinction of space-group set No. 3 is investigated here as

an example. Space-group set No. 2 can also be distinguished by

the same procedure. Figs. 2(a), 2(b) and 2(c) schematically

show the arrangements of 2 axes of space groups P321, P3121

and P3221 projected along the [0001] direction. The thin lines

indicate 2 axes and thick lines the unit cell. The fractional

numbers beside the thin lines indicate fractional coordinates

of the 2 axes in the [0001] direction. There are three 2 axes

perpendicular to the [0001] direction, two of which form an

angle of 120� degrees. The three 2 axes are at the same height

in the [0001] direction for P321. They, however, are separated

by c=6 in the [0001] direction with a 120� clockwise rotation

for P3121 and with a counter-clockwise rotation for P3221.

Since the three space groups have the same arrangement of

the three 2 axes when they are projected in the [0001] direc-

tion, the space groups cannot be distinguished in this projec-

tion.

Table 2 shows atomic coordinates of the general positions,

relations between the structure factors and kinematical

extinction rules for the space groups P321, P3121 and P3221

(International Tables for X-ray Crystallography, 1952). The
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Figure 2
Arrangements of 2-fold rotation axes of (a) P321, (b) P3121 and (c) P3221
projected along the [0001] zone axis.

Figure 3
Arrangements of 2-fold-rotation axes of (a) P321, (b) P3121 and (c) P3221
projected along the �11�23� zone axis.
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relations between the phases of the structure

factors are different for the three space groups.

Figs. 3(a), 3(b) and 3(c), respectively, show the

arrangements of the 2 axes of space groups P321,

P3121 and P3221 projected along the [11�23]

direction. It can be seen in this projection that the

arrangements of the three 2 axes are different for

the three space groups. P321 has points where the

three 2 axes intersect (a, c, g and i). P3121 and

P3221 do not have such points but have points

where only two of the three 2 axes intersect (a±l).

Conventional CBED patterns taken at [11�23]

incidence do not show any symmetry because

these 2 axes are neither parallel nor perpendi-

cular to the incident beam but coherent CBED

shows different symmetries for P321, P3121 and

P3221, allowing us to distinguish them.

Table 3 shows the model structures of space

groups P321, P3121 and P3221, which are used for

the simulations of coherent CBED patterns.

These models are produced by placing Si and C

atoms respectively at general positions

(0.18,0.20,0.15) and (0.25,0.10,0.05) and by

generating atoms using the symmetry operations

of the space groups. Fig. 4 schematically shows

the resultant phases of crystal structure factors

and probe positions for the six diffracted waves at

probe positions a±i denoted in Fig. 3(a) for the

model of P321. Figs. 5 and 6 similarly show those

phases at the probe positions a±l in Figs. 3(b) and

3(c) for the models of P3121 and P3221, respec-

tively. It is seen that the phases of the re¯ections

�g perpendicular to a 2 axis are the same as

indicated by the arrows when the probe is located

on the 2 axis.

Figs. 7(a)±7(i) show coherent CBED simula-

tion patterns of the model of P321 under a

kinematical approximation for the electron probe

positions at a±i in Fig. 3(a), respectively. At

positions a, c, g and i, there appear three sets of

mirror symmetry, clarifying these positions to be

the intersection points of the three 2 axes. Figs.

8(a)±8(l) show coherent CBED patterns of the

model of P3121 at positions a±l in Fig. 3(b). Two

of the three fringe pairs show mirror symmetry

but no three fringe pairs show mirror symmetry.

Figs. 9(a)±9(l) show coherent CBED patterns of

the model of P3221 for positions a±l in Fig. 3(c).

Only two of the three fringe pairs show mirror

symmetry as well as those of P3121, clarifying that

the two 2 axes intersect at those positions.

Therefore, P321 can be distinguished from P3121

and P3221 by the examination of the mirror

symmetry sets using the coherent CBED method.

It is clear that space-group set No. 2 can be

distinguished in the same manner at the �10�11�
electron incidence because the 2 axes of P312,

Table 2
Atom coordinates of the general positions, relations between the structure factors and
kinematical extinction rules for the space groups (a) P321, (b) P3121 and (c) P3221.

(a) P321
Atom coordinates:
jx; y; z; �y; xÿ y; z; yÿ x; �x; z; y; x; �z; �x; yÿ x; �z; xÿ y; �y; �zj
Relations between structure factors:
jF�hkl�j � jF��h �k�l�j � jF�kil�j 6� jF� �hkl�j 6� jF�h�kl�j 6� jF�hk�l�j � jF�khl�j
��hkl� � ���h�k�l� � ��kil� 6� �� �hkl� 6� ��h �kl� 6� ��hk�l� � ��khl�
Kinematical extinction rule:
No conditions

(b) P3121
Atom coordinates:
jx; y; z; �y; xÿ y; 1=3� z; yÿ x; �x; 2=3� z; y; x; �z; �x; yÿ x; 1=3ÿ z; xÿ y; �y; 2=3ÿ zj
Relations between structure factors:
|F(hkl)| relationships as for P321
��hkl� � ÿ���h�k�l� 6� ���hkl� 6� ��h �kl� 6� ��hk�l� � ��khl�
l � 3n ��hkl� � ��kil�
l � 3n� 1 ��hkl� � ��kil� � 2=3�
Kinematical extinction rule:
l � 3n� 1 and h � k � 0

(c) P3221
Atom coordinates:
jx; y; z; �y; xÿ y; 2=3� z; yÿ x; �x; 1=3� z; y; x; �z; �x; yÿ x; 2=3ÿ z; xÿ y; �y; 1=3ÿ zj
Relations between structure factors:
|F(hkl)| relationships as for P321
��hkl� � ÿ���h�k�l� 6� ���hkl� 6� ��h �kl� 6� ��hk�l� � ��khl�
l � 3n ��hkl� � ��kil�
l � 3n� 1 ��hkl� � ��kil� � 2=3�
Kinematical extinction rule:
l � 3n� 1 and h � k � 0

Figure 4
Phases of the kinematical crystal structure factors of the P321 model of Table 3 for the
electron probe positions a±i illustrated in Fig. 3(a).



P3112 and P3212 are located at orientations different by 30�

from those of P321, P3121 and P3221.

3.2. The other space groups (Nos. 5, 7, 12, 13, 15, 18, 20 and
21)

Similar examinations prove that the space groups of the

other sets of Nos. 5, 7, 12, 13, 15, 18, 20 and 21 in Table 1 can be

distinguished.

3.2.1. P622 and P6222 (P6422) [P6322 and P6122 (P6522)].
For the space-group sets of the hexagonal lattice system (Nos.

5 and 7), the �11�23� electron incidence is suitable for their

distinction. Distinction of space-group set No. 5 is described as

an example. Space group set No. 7 is distinguished by the same

procedure. Figs. 10(a), 10(b) and 10(c) show all of the six

2 (21)-axis arrangements of space groups P622, P6222 and

P6422 in the �11�23� projection. Figs. 10(d), 10(e) and 10( f)

show the arrangements of the three observable 2 (21) axes,

when three re¯ection pairs (1�100, �1100), (0�111, 01�1�1) and

(10�1�1, �1011), which are the ®rst- and second-nearest-

neighbour re¯ections to the transmitted beam, are used for

observing the interference fringes. The arrangements are

completely the same as those of P321, P3221 and P3121 (Figs.

2a, 2c and 2b), that is, P622 has points where the three

observable 2 (21) axes intersect (a, c, i and k), whereas P6222

and P6422 do not have such points but have

points at which only the two 2 (21) axes

intersect (a, b and d). Thus, P622, P6222 and

P6422 can be distinguished by the coherent

CBED method by the same procedure as

P321, P3121 and P3221 can be. Table 4

shows the model structures of space groups

of P622, P6222 and P6422 for simulations.

Figs. 11(a), 11(b) and 11(c) show the simu-

lation patterns from the models of P622,

P6222 and P6422 at position a of each unit

cell. The coherent CBED pattern of P622

shows three sets of mirror symmetry,

whereas those of P6222 and P6422 show

only two sets of mirror symmetry, as indi-

cated by the arrows. It should be noted that

the appearances of mirror symmetry are the

same as those of P321 (Fig. 7a), P3221 (Fig.

9a) and P3121 (Fig. 8b). We examined the

fact that simulation patterns of P622, P6222

and P6422 at other probe positions show the

same symmetry sets as P321, P3121 and

P3221. Thus, space group P622 can be

distinguished from P6222 and P6422 by the

coherent CBED method. P6322, P6122 and

P6522 have the same 2 (21)-axis arrange-

ments as those of P622, P6422 and P6222 in

the �11�23� projection, as far as the 2 (21)

axes concerned with the ®rst- and second-

nearest-neighbour re¯ections are consid-

ered. Thus, P6322 can also be distinguished

from P6122 and P6522 by the same proce-

dure.
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Figure 5
Phases of the kinematical crystal structure factors of the P3121 model of Table 3 for the electron
probe positions a±l illustrated in Fig. 3(b).

Table 3
Model structures of P321, P3121 and P3221 used for simulations of
coherent CBED patterns.

Space group Site Element (x, y, z) Lattice parameter (nm)

P321 6(g) Si (0.18, 0.20, 0.15) a = 0.4, c = 0.8
6(g) C (0.25, 0.10, 0.05)

P3121 6(c) Si (0.18, 0.20, 0.15) a = 0.4, c = 0.8
6(c) C (0.25, 0.10, 0.05)

P3221 6(c) Si (0.18, 0.20, 0.15) a = 0.4, c = 0.8
6(c) C (0.25, 0.10, 0.05)

Table 4
Model structures of P622, P6222 and P6422 used for simulations of
coherent CBED patterns.

Space group Site Element (x, y, z) Lattice parameter (nm)

P622 12(n) Si (0.18, 0.20, 0.15) a = 0.4, c = 0.8
12(n) C (0.25, 0.10, 0.05)

P6222 12(k) Si (0.20, 0.21, 0.15) a = 0.4, c = 0.8
12(k) C (0.31, 0.10, 0.05)

P6422 12(k) Si (0.20, 0.21, 0.15) a = 0.4, c = 0.8
12(k) C (0.31, 0.20, 0.05)
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3.2.2. P422 and P4222 (P4212 and P42212). For the space-

group set of No. 12 (P422, P4222), the [211] incidence is

suitable for the distinction. Figs. 12(a) and 12(b) show the

arrangements of the three observable 2 (21) axes when three

re¯ection pairs �0�11; 01�1�, �10�2; �102� and �1�1�1; �111�, which are

respectively the ®rst-, second- and third-nearest-neighbour

re¯ections to the transmitted beam, are used for observing the

coherent fringes. It is seen that P422 has points where the

three 2 (21) axes intersect, whereas P4222 does not have such

points but has points where only the two 2 (21) axes intersect.

It should be noted that the 2 (21)-axis arrangements are similar

to those of I23 (I222) and I213 (I212121) in the [111] projection

as shown in Figs. 3(a) (Fig. 9a) and 3(b) (Fig. 9b) of the paper

by Tsuda et al. (2000). Figs. 13(a) and 13(b) show coherent

CBED patterns simulated at the origins O of the unit cells for

the models of P422 and P4222, whose atomic arrangements

are generated from the atom positions listed in Table 5 by the

symmetry operations of the space groups. The coherent

CBED pattern of P422 shows three sets of mirror symmetry

but that of P4222 shows only two of them as indicated by the

arrows. It should be pointed out that the simulation patterns

show the same features of mirror symmetry as those of I23

(I222) and I213 (I212121) simulated at the origins of the unit

cells [Figs. 6(a) and 12(a) of Tsuda et al. (2000), respectively].

We examined that simulation patterns of P422 and P4222 at

other positions show the same symmetry as those of I23 (I222)

and I213 (I212121). Thus, P422 can be distinguished from P4222

by the coherent CBED method.

For the distinction of the

space-group set of No. 13

(P4212 and P42212), similarly

the [211] incidence is available.

The relative 2 (21)-axis

arrangements of P4212 and

P42212, which are observable

with three re¯ection pairs

�0�11; 01�1�, �10�2; �102� and

�1�1�1; �111� are the same as those

of P422 and P4222, respectively.

Thus, space group P4212 can be

distinguished from P42212 by

the same procedure as that for

the space groups P422 and

P4222.

3.2.3. I422 and I4122 (I432
and I4132). For the space-group

set of No. 15 (I422, I4122), the

[111] electron incidence is

available for the distinction. In

the [111] projection, the 2 (21)-

axis arrangements of I422 and

I4122, which are observable

using three re¯ection pairs

�0�11; 01�1�, �10�1; �101� and

��110; 1�10� neighbouring to the

transmitted beam, are similar to

those of P422 and P4122,

respectively (see Figs. 16a and

16b). That is, I422 has points

where the three 2 (21) axes

intersect (a±d in Fig. 16a), but

I4122 does not. It was examined

that simulation patterns of I422

and I4122 show the same sets of

mirror symmetry as those of

P422 and P4222. Thus, they are

Figure 6
Phases of the kinematical crystal structure factors of the P3221 model of Table 3 for the electron probe
positions a±l illustrated in Fig. 3(c).

Table 5
Model structures of P422 and P4222 used for simulations of coherent
CBED patterns.

Space group Site Element (x, y, z) Lattice parameter (nm)

P422 8(p) Si (0.23, 0.30, 0.15) a = 0.4, c = 0.8
8(p) C (0.08, 0.12, 0.05)

P4222 8(p) Si (0.18, 0.25, 0.15) a = 0.4, c = 0.8
8(p) C (0.07, 0.15, 0.05)



distinguished in the same procedure as the distinction between

P422 and P4222.

For the distinction of the space-group set of No. 20 (I432,

I4132), similarly the [111] electron incidence is available. 2 (21)-

axis arrangements of space groups I432 and I4132, which are

observable using three re¯ection pairs �0�11; 01�1�, �10�1; �101�
and ��110; 1�10�, are similar to those of I422 and I4122, respec-

tively. It was examined that simulation patterns of I432 and

I4132 show the same sets of mirror symmetry as those of I422

and I4222. Thus, I432 is distinguished from I4132 by the same

procedure as that of I422 and I4222.

3.2.4. P432 and P4232. For the space-group set of No. 18

(P432, P4232), the [321] electron incidence is available for the

distinction. In the [321] projection, the 2 (21)-axis arrange-

ments of P432 and P4232 observable using three re¯ection

pairs �1�1�1; �111�, �0�12; 01�2� and �1�21; �12�1�, which are neigh-

bouring re¯ections to the transmitted beam, are similar to

those of P422 and P4222, respectively. It was con®rmed that

simulation patterns of P432 show three sets of mirror

symmetry but those of P4232 show only two of them. Thus,

P432 can be distinguished from P4232 in the same procedure

as the distinction between P422 and P4222.

3.2.5. F432 and F4132. For the space-group set of No. 21

(F432, F4132), the [432] electron incidence is available to

distinguish them. The 2 (21)-axis arrangements of F432 and

F4132 in this projection, which are observable using the ®rst-,

second- and third-nearest-neighbour re¯ection pairs to the

transmitted beam, or ��204; 20�4�, ��24�2; 2�42� and ��442; 4�4�2� are
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Figure 7
�11�23� coherent CBED patterns simulated for the P321 model for the electron probe positions a±i of Fig. 3(a). The pairs of overlapping areas with the
same contrast are indicated by pairs of arrows. (a), (c), (g) and (i) exhibit three sets of such pairs, conforming the intersection of three 2 (21) axes at
positions a, c, g and i in Fig. 3(a).



research papers

226 Saitoh et al. � Space-group distinction Acta Cryst. (2001). A57, 219±230

similar to those of the observable 2 (21) axes of P422 and

P4222, respectively. We con®rmed that simulation patterns of

F432 show three sets of mirror symmetry but those of F4222

show only two sets. Thus, F432 can be distinguished from

F4132 in the same procedure as the distinction between P422

and P4222.

4. Discussion

The electron incidences chosen in the previous section allow

us to distinguish the space groups using interference fringes

formed by the transmitted beam and one of its neighbouring

diffracted beams. Unfortunately, some of those incidences

have relatively high order indices such as [432], which may not

be preferable from the experimental viewpoint. Low-order

incidences can also be available for the distinction if we

observe interference fringes formed by the transmitted beam

and diffracted beams, which are not neighbouring to the

transmitted beam. For example, the [112] incidence is useful

for the distinction between P422 and P4222. In this projection,

P422 has points where four 2 (21) axes intersect (a and b) but

P4222 does not, as shown in Figs. 14(a) and 14(b), respectively.

Thus, coherent CBED patterns composed of four re¯ection

pairs �1�10; �110�, �11�1; �1�11�, �01�2; 20�1� and �0�21; 02�1� can reveal

the difference of the 2 (21)-axis arrangements through the

different sets of mirror symmetry. The re¯ection pairs of

�1�10; �110�, �11�1; �1�11�, ��201; 20�1� and �0�21; 02�1� are the ®rst-,

second- and third-nearest-neighbour ones in the present

Figure 8
�11�23� coherent CBED patterns simulated for the P3121 model for the electron probe positions a±l of Fig. 3(b). The pairs of overlapping areas with the
same contrast are indicated by pairs of arrows. Only two sets of such pairs are seen in (a)±(l), indicating the absence of intersection of three 2 (21) axes.



model, whose re¯ection vectors are perpendicular to the 2 (21)

axes. Figs. 15(a) and 15(b) show coherent CBED patterns

simulated at the [112] incidence for models of P422 and P4222

with probe positions a denoted in Figs. 14(a) and 14(b) (the

origins of the unit cells). The simulation pattern of P422 shows

four sets of mirror symmetry, but that of P4222 shows only

three sets of them, as indicated by the arrows. Thus, the [112]

incidence can also be available for their distinction. It should

be noted in this case that the 201-type re¯ections are over-

lapped not only with the transmitted disc but also with the 110-

and 111-type re¯ection discs. Thus, the fringe patterns in the

overlapping regions are formed by the interferences of these

beams. At an intersecting point of two 2 (21) axes, phases of

the re¯ection pair perpendicular to each 2 (21) axis are the

same. Thus, the interference fringes in the overlapping regions

of these re¯ection discs show mirror symmetry at the inter-

secting point because the positions of the fringes can simply be

determined by the sum of the phases of the overlapping

re¯ections. Therefore, the 2 (21)-axis arrangements can be

observed by mirror symmetry of many-beam interference

fringes as well as those of two-beam interference fringes. The

electron incidences available for the distinction of the space-

group sets described above are summarized in Table 6. The

indices with an asterisk indicate the incidences at which the

distinction is performed by many-beam interference.

In the distinction procedures described above, the electron

probe has to be located at the points where a plural number of

2 (21) axes intersect. We found a method to distinguish the
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Figure 9
�11�23� coherent CBED patterns simulated for the P3221 model for the electron probe positions a±l of Fig. 3(c). Only two sets of such pairs are seen in
(a)±(l), indicating the absence of intersection of three 2 (21) axes as in Fig. 8.
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space groups from one coherent CBED pattern taken at any

probe position. We describe a retrieval procedure of the

intersection characteristics of the 2 (21) axes from one

coherent CBED pattern at a probe position where the 2 (21)

axes do not intersect. The space-group pair of No. 15 (I422,

I4122) is taken as an example. Figs. 16(a) and 16(b) show the

arrangements of the observable 2 (21) axes of I422 and I4122 in

the [111] projection, when three re¯ection pairs �0�11; 01�1�,
�10�1; �101� and ��110; 1�10� are used for observing the inter-

ference fringes. Figs. 17(a) and 17(b) show simulation patterns

for I422 and I4122 models under conditions where the probe is

not positioned on a 2 (21) axis. Line pairs 1, 2, 3 and 4 are

Figure 11
�11�23� coherent CBED patterns simulated for the P622, P6222 and P6422 models for the electron probe positions a of Figs. 10(a), 10(b) and 10(c). The
pairs of overlapping areas with the same contrast are indicated by pairs of arrows. (a) exhibits three sets of such pairs, conforming to the intersection of
three 2 (21) axes at position a in Fig. 10(a), but (b) and (c) show only two sets of such pairs, indicating the absence of intersection of three 2 (21) axes.

Figure 10
Arrangements of 2-fold-rotation and 21-screw axes of (a) P622, (b) P6222 and (c) P6422 projected along the �11�23� zone axis. Arrangements of observable
2-fold-rotation and 21-screw axes using three re¯ection pairs �1�100; �1100�, �0�111; 01�1�1� and �10�1�1; �1011� of (d) P622, (e) P6222 and ( f ) P6422.

Figure 12
[211] projection arrangements of 2-fold-rotation and 21-screw axes of
(a) P422 and (b) P4222, which are observable by using three re¯ection
pairs �0�11; 01�1�, �10�2; �102� and �1�1�1; �111�.



drawn on the peaks of the fringe pairs with a distance of |g|.

Lines 1c, 2c, 3c and 4c are drawn at the midpoints of the line

pairs 1, 2, 3 and 4, respectively. Lines 5c±7c and 8c±11c are

drawn by the same procedure for the different fringe pairs 5±7

and 8±11, respectively. It is seen that there exist points where

the midway lines in the three different orientations intersect.

Since the midway lines move as an entire set with the shift of

the probe position, the relative positions between the lines in

different orientations do not change. The intersection char-

acteristics of the 2 (21) axes are always seen somewhere in the

pattern irrespective of the probe position. In other words, the

lines of Fig. 17(a) express the relative arrangement of the 2 (21)

axes of I422 in the [111] projection (Fig. 16a). Fig. 17(b) shows

the arrangements of the midway lines of a simulated coherent

CBED patterns of a model of I4122 for a point where the 2 (21)

axes do not intersect. It is seen that no three midway lines

intersect at a point, indicating the space group to be not I422

but I4122. Thus, space group I422 can be distinguished from

I4122 by using any single coherent CBED pattern. The other

space-group sets can also be distinguished from a single

coherent CBED pattern by the same procedure.

The analysis described in the present paper allows us to

distinguish the ten space-group sets that have principal rota-

tion and screw axes and secondary 2

(21) axes. By adding the two space-

group sets investigated by Tsuda et al.,

the 12 space groups (Nos. 2, 3, 5, 7, 12,

13, 15±18, 20, 21) in the 23 indis-

tinguishable space-group sets are

distinguished by the coherent CBED

method. The analysis does not

directly distinguish whether the

principal axes are rotation axes or

screw ones but does distinguish the

arrangements of the secondary 2 (21)

axes. Thus, the present method cannot

distinguish the eight space-group sets

of Nos. 1, 4, 6, 8, 9, 10, 11 and 14,

which do not have 2 (21) axes

perpendicular to the principal axes.

The remaining three space groups of

Nos. 19, 22 and 23 are enantiomorphic

space-group pairs, which have 2 (21)

axes perpendicular to the principal

axes.
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Figure 13
[211] coherent CBED patterns simulated for the P422 and P4222 models
for the electron probe positions O of Figs. 12(a) and 12(b). (a) exhibits
three sets of mirror symmetry as indicated by the arrows, conforming to
the intersection of three perpendicular 2 (21) axes at position O in Fig.
12(a), but (b) shows only two sets of mirror symmetry, indicating the
absence of intersection of three 2 (21) axes.

Figure 14
[112] projection arrangements of 2-fold-rotation and 21-screw axes of
(a) P422 and (b) P4222, which are observable by using four re¯ection
pairs �1�10; �110�, �11�1; �1�11�, ��201; 20�1� and �0�21; 02�1�.

Figure 15
[112] coherent CBED patterns simulated for the P422 and P4222 models for the electron probe
positions a of Figs. 14(a) and 14(b). (a) exhibits four sets of mirror symmetry, conforming to the
intersection of four perpendicular 2 (21) axes at position a in Fig. 14(a), but (b) shows only three sets of
mirror symmetry, indicating the absence of intersection of four 2 (21) axes.

Table 6
Incidences available for the distinctions of space-group sets.

No. 2 P312, (P3112, P3212) �1�101�
No. 3 P321, (P3121, P3221) �11�23�
No. 5 P622, (P6222, P6422) �11�23�
No. 7 P6322, (P6122, P6522) �11�23�
No. 12 P422, P4222 �321�, �211�, �112��
No. 13 P4212, P42212 [211]
No. 15 I422, I4122 [111]
No. 18 P432, P4232 [321], [211]�

No. 20 I432, I4132 [111]
No. 21 F432, F4132 [432]
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5. Conclusions

It has been found that Tsuda et al.'s analysis can be extensively

applied to distinguish between the principal rotation and

screw axes of the space groups that have 2-fold-rotation axes

perpendicular to the principal axes. The method has allowed

us to identify the ten space-group sets that have been indis-

tinguishable so far. We are planning to con®rm the present

result experimentally by taking the coherent CBED patterns

of real crystals. In a forthcoming paper, we will report a

coherent CBED method to distinguish enantiomorphic space-

group pairs.
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Figure 16
[111] projection arrangements of 2-fold-rotation and 21-screw axes of (a)
I422 and (b) I4122, which are observable by using three re¯ection pairs
�0�11; 01�1�, �10�1; �101� and ��110; 1�10�.

Figure 17
Retrieval procedure of the intersection characteristics of the 2 (21) axes
from one coherent CBED pattern under conditions where the probe is
not positioned on a 2 (21) axis. The midway lines 1c±11c of the line pairs
1±11 show the arrangements of the 2 (21) axes of (a) I422 and (b) I4122 in
the [111] projection.


